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Abstract
The observed hierarchy in the fermion masses, which imply a set of small mass ratios,
is not naturally small regarding ’t Hooft’s criteria. In this work, in a model independent
approach, we introduce a set of conditions by which fermion mass ratios become natural.
Interestingly, these conditions demand that fermion mixing should be described by the
four independent mass ratios of each fermion sector. Application of this set of conditions
to the standard theory enables one to understand the mains aspects in quark and lepton
mixing. This feature can be taken as a strong evidence for the existence in Nature of a
flavour symmetry. Also, for this analysis to work in the lepton sector, neutrino masses
should have normal ordering with the lightest neutrino mass satisfying the lower bound,
mν1 > (5.0 ± 0.1) meV, making the approach testable.
1 Introduction
The observed values in the fermion masses together with the ones in quark and lepton mixing
give origin to very curious patterns,
mt ∼ ΛEW ,
mt ≫ mf ,
mt ≫ mb > mτ > mc ,
mc ≫ mµ > ms ≫ md ,
md > mu > me ,
me ≫
∑
ν
mν ,
m23 ≫ m22 ≫ m21 ,
(1)
where the last relation holds for each charged fermion species and possibly also for neutrinos,
as the quasi-degenerate scenario has been already disfavoured by the cosmological limit on the
total sum of the three neutrino masses
∑
ν mν < 0.23 eV [1], whereas for the mixing data,
VCKM = I+∆q (|∆q,ij| ≪ 1) ,
UPMNS =∆ℓ (|∆ℓ,ij| ∼ O(1)) .
(2)
This set of yet not understood patterns are known as the problem of masses and mixing,
respectively, and are part of the flavour puzzle, for recent discussions see [2, 3]. In this work,
we only focus on the problem of mixing. Our discussion here lies in the understanding of the
observed values in quark and lepton mixing by virtue of the corresponding fermion masses.
In the Standard Model (SM), there is no relation between the fermion masses and mix-
ing even though both sets arise from the same source. To see this, recall that the Yukawa
interactions,
− LY ⊃ Yijf F¯L,iΦfR,j + h.c. , (3)
withYijf a complex number and entry of a three by three matrix, are parametrised by a large set
of parameters. After considering the massive nature of neutrinos, altogether they represent 72
(66) low energy parameters in the case of Dirac (Majorana) neutrinos, respectively. However,
only twenty (twenty-two) of them can be called physical. In the mass basis, they are represented
by twelve fermion masses and eight (ten) mixing parameters [4]. In order to introduce our
notation, we briefly go through the following well-known steps.
In the initial weak basis, assignment of a non-zero vacuum expectation value to the neutral
component of the scalar field,
Φ(x) =
(
G+(x)
v+h(x)+iG0(x)√
2
)
, (4)
spontaneously breaks the electroweak symmetry and brings about the massive nature of fermions,
Mf =
v√
2
Yf , (5)
where v ≃ 246 GeV. Thereafter, diagonalization of the mass matrices,
Σf = LfMfR
†
f , (6)
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occurs via a biunitary transformation each acting independently in the left or right-handed
corresponding field,
FL → LfFL and fR → RffR . (7)
In this new basis, the mass basis, the quark and leptonic charged currents have changed to,
J µ,−cc-q = −
gw√
2
u¯Lγ
µVdL , J µ,+cc-ℓ = −
gw√
2
e¯Lγ
µUνL , (8)
where V = LuL
†
d and U = LeL
†
ν . These matrices parametrize how likely are the transitions be-
tween any two given unequal flavours via the interactions with the W± bosons. The similarities
between these two matrices depends on the massive nature of neutrinos (Dirac or Majorana).
The quark mixing matrix, V, has no unique parametrization, it is unitary, and it requires of
four independent parameters. The same could be said about U when massive neutrinos are
introduced as Dirac fermions. However, in the case of massive Majorana neutrinos, the mixing
matrix is no longer unitary and two more phases are needed.1 Conventionally, in the Majorana
case, the mixing matrix, U, may be written in the form,
U = U˜K , (9)
where U˜ has all mixing parameters as in the Dirac case with only one non-removable complex
phase, called the Dirac phase, while K is a diagonal matrix with the two additional complex
phases,
K = diag
(
eiα, eiβ, 1
)
, (10)
called Majorana phases. For last, an invariant measure of Charge-Parity (CP ) violation, inde-
pendent of the parametrization, is the Jarlskog invariant [5],
JX =
Im
(
det
[
MaM
†
a,MbM
†
b
])
−2Πi>j(m2a,i −m2a,j)Πk>l(m2b,k −m2b,l)
, (11)
where X = q, ℓ, a = u, ν, and b = d, e.
There has been many parametrization proposals [6–16]. Among them there is one particular
parametrization which has served, in the quark sector, to provide a better connection to the
parameters in flavour physics [10, 12, 14],
VCKM =
 1−
λ2
2
λ Aλ3(ρ− iη)
−λ 1− λ2
2
Aλ2
Aλ3(1− ρ− iη) −Aλ2 1
+O(λ4) . (12)
The Wolfenstein parametrization, shown in Eq. (12), exploits the hierarchical structure of the
mixing matrix elements, and takes one of them, λ ≈ 0.22, as a mixing and expansion parameter
1To understand this, recall that the Majorana condition νc = ν forbids phase field redefinitions. For Dirac
neutrinos, the amount of independent complex phases in the mixing matrix is given by (n− 1)(n− 2)/2 where
n is the number of fermion families. However, in the Majorana case, due to the reality condition, the amount
of independent complex phases is n(n − 1)/2. Therefore, for n = 3, one has 1 and 3 non-removable complex
phases for Dirac and Majorana neutrinos, respectively.
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along with other three real parameters A, ρ, and η of order O(1). This parametrization has
been already improved in Ref. [12] in order to guarantee unitarity of the quark mixing matrix
to all orders in λ.
The standard parametrization, for both quarks and leptons, as suggested by the Particle
Data Group (PDG), follows Chau and Keung’s proposal [11],
W =
1 0 00 c23 s23
0 −s23 c23

 c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13

 c12 s12 0−s12 c12 0
0 0 1
 , (13)
where we have denoted cij = cos θij and sij = sin θij and W generically represents here ei-
ther quark or lepton mixing for Dirac neutrinos. In the Majorana scenario, mixing with this
parametrization would be read like U =WK with K given in Eq. (10). It has been shown that
in the lepton sector a symmetrical parametrization first introduced by Schechter and Valle [9]
and later revisited [15] gives a similar description but with an additional feature when con-
sidering Majorana neutrinos, which is, that the effective mass parameter characterizing the
amplitude for neutrinoless double beta decay only depends, as it should, in the two Majorana
phases, α and β, whereas the PDG parametrization also includes the Dirac phase. Furthermore,
seesaw extensions of the SM expect deviations from unitarity due to the admixture of heavy
right-handed neutrinos. For that purpose, an adequate description for non-unitary neutrino
mixing has also been proposed [17].
Mixing parametrizations including mass ratios as mixing parameters have been implic-
itly [13, 18–25] and explicitly [16, 26] suggested. Nevertheless, only one has really gathered
all the four independent fermion mass ratios as mixing parameters in full agreement with the
observed mixing phenomena [16]. We take here the idea of understanding mixing through
masses and investigate it further through a novel approach. Of course, although there is no
unique way of parametrising, the possibility of creating a particular parametrization through
fermion mass ratios seems very desirable as this would give us a first step into solving one of
the biggest old mysteries in Particle Physics. Furthermore, the clear advantage of taking mass
ratios as mixing parameters compared to any other parametrization is that fermion masses are
the invariants (singular values) of the mass matrices, which in a way, make them more relevant
as fundamental parameters for describing mixing besides the trivial fact that the number of
arbitrary parameters in the weak sector could be significantly reduced from 20 (22) to 12 (14)
if the massive nature of neutrinos is also considered as Dirac (or Majorana).
Moreover, despite the fact that relating mixing to fermion masses has been an active research
subject since the pioneer work of Gatto, Sartori, and Tonin [27], we want to emphasize that
our discussion here is novel in many aspects. First, we are assuming the viewpoint that if
masses ought to explain mixing this should necessarily require having the four independent
mass ratios of each fermion sector as mixing parameters without the need to consider other
auxiliary parameters, therefore, giving rise to a full mixing parametrization as first suggested
in Ref. [16]. Second, the analysis here made is model-independent and follows a bottom-up
approach. Third, through ’t Hooft’s naturalness criteria [28] it is pointed out that such a new
parametrization could implement the hierarchical nature of fermion masses, m21 ≪ m22 ≪ m23,
and so all generations except the third one would be naturally small in the two different limits
m1, m2 → 0 and m1 → 0. Last but not least, without any explicit realization of such relations
among mixing angles and mass ratios quark and lepton mixing can be understood in their main
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features (small quark mixing and anarchical lepton mixing).
This work is organized as follows. In Section 2, we briefly introduce the main general aspects
when establishing a relation between mixing angles and mass ratios. Next, in Section 3, we show
how the hierarchical nature of fermion masses if seen as natural demands the mixing matrices
to be written in terms of the fermion masses and satisfying different mass limits. Thereafter,
in Section 4, we assume the corresponding four independent mass ratios of each sector as the
mixing parameters without any explicit functional realization. By sole virtue of it, we study
quark and lepton mixing through the phenomenological input of hierarchical fermion masses.
Finally, in Section 5, we conclude.
2 General aspects
The usual procedure to reparametrize comes from the matrix invariants which are the coeffi-
cients of the characteristic polynomial, det[MfM
†
f − λI] = 0. In the n family case, the set
of n invariants provides n equations which can be used, although not always easily, to write
the matrix parameters in terms of the singular values (masses). For simplicity, the n = 3 case
would be given by,
λ3 − tr[Hf ]λ2 + 1
2
(
tr[Hf ]
2 − tr[HfHf ]
)
λ− det[Hf ] = 0 , (14)
where Hf =MfM
†
f is the hermitian product and the roots of the equation are the eigenvalues
(squared masses) of Hf .
The matrix invariants in terms of the masses are written as,
tr[H] = m21 +m
2
2 +m
2
3 , (15)
det[H] = m21m
2
2m
2
3 , (16)
1
2
(
tr[H]2 − tr[HH]
)
= m21m
2
2 +m
2
2m
2
3 +m
2
1m
2
3 , (17)
where in these last expressions we have suppressed the subscript f as this applies to all fermions.
Let us consider the Weinberg ansatz [29] to provide a simple example,
m =
(
0 |a|
|a| |b|
)
→ tr[m] = |b| = m1 +m2
det[m] = −|a|2 = m1m2 →
(
0
√
m1m2√
m1m2 m2 −m1
)
,
(18)
where we have considered without any loss of generality m1 → −m1 2. In return, we immedi-
ately obtain a relation between the angle of rotation and a mass ratio, tan θ =
√
m1/m2. In
fact, this ansatz was made to reproduce the well known Gatto–Sartori–Tonin relation for the
Cabibbo angle [27], θC ≈
√
md/ms. We must add another remark to this example, even though
we have two different masses, we can always consider the largest mass as setting the scale of
the matrix whereas the ratio with the lighter one the relevant parameter, as it provides all the
internal structure of the mass matrix,
m = m2
(
0 γ
γ 1− γ2
)
= m2
(
0 0
0 1
)
+m2
(
0 γ
γ −γ2
)
, (19)
2This change of sign can be easily achieved by a global chiral transformation.
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where we defined it as γ ≡
√
m1
m2
. In fact, due to the hierarchy in the masses this parameter is
expected to be small. Explaining its smallness belongs to the problem of masses. For example,
it could be originated in a model where the lighter masses arise from radiative corrections [30–
32], from extra dimensions [33] or the Froggatt–Nielsen mechanism [34]. On the other hand,
already at this stage, two indispensable aspects can be realized from Eq. (19): null matrix
elements, Mij = 0, and relations among matrix elements, Mij = Mkl. Both requirements can
be met by several approaches, for example, texture-zeros [26,29,35–40], flavour symmetries [41],
reinterpretation of the fermion mass matrix elements [42], among others.
Regarding the feasibility of a reparametrisation, let us discuss when it is possible. A complex
n × n matrix has n2 phases and n2 magnitudes. By virtue of the n invariants, and without
further constrains, the task of reparametrising in terms of the masses is impossible as the system
is underdetermined. Of course, a further reduction of the arbitrariness is still possible if we
recall that the kinetic terms per fermion sector posses a [U(n)]3 due to the universality of the
gauge couplings. This accidental symmetry group describes the nature of the transformations
leaving invariant the weak interaction basis3. We have at our disposal: 3n(n−1)
2
and 3n(n+1)−2
2
arbitrary magnitudes and complex phases, respectively, to choose whatever basis we require.
As these transformations are involved in the two kinds of fermions of a given sector, we continue
our counting by summing up all the parameters of the corresponding two mass matrices: 2n2
magnitudes and 2n2 complex phases. A careful choice of basis, with both mass matrices still
not fully diagonal, would have n(n+3)
2
and (n−1)(n−2)
2
arbitrary parameters in magnitudes and
complex phases, respectively. Reparametrization with the 2n invariants would still leave (n−1)2
arbitrary parameters. In particular, for n = 3, this means that there are special bases where
the mass matrices can be reexpressed in terms of its singular values plus four unknown physical
parameters. In fact, these parameters should be equivalent to the mixing parameters appearing
in the mass basis. An example of such a basis would be the following couple of matrices,
Ma =
m
a
1 0 0
0 ma2 0
0 0 ma3
 , Mb =
m
b
11 0 0
mb21 m
b
22e
−iδ 0
mb31 m
b
32 m
b
33
 , (20)
where we have employed Ref. [42] to find such a basis. In this case, one finds that,
mb33 = m
b
3 ,
mb11m
b
22 = m
b
1m
b
2 ,
(mb11)
2 + (mb22)
2 + (mb21)
2 + (mb31)
2 + (mb32)
2 = (mb1)
2 + (mb2)
2 .
(21)
Further reduction, should only be possible within an ultraviolet completion of the SM in which
the problem of mixing gets a solution.
For last, to fully reparametrise a mass matrix in terms of its singular values the number
of independent mass ratios should be larger or equal than the number of mixing parameters.
In fact, this only occurs for two and three fermion generations [16]. To see this, assume again
n fermion generations. The number of independent mass ratios, 2(n − 1), grows much slower
than the number of mixing parameters, (n − 1)2. As a consequence, being able to completely
reparametrize depends on the inequality 2(n − 1) ≥ (n − 1)2 and thus 1 < n ≤ 3. Although
3By weak interaction basis, we mean those bases where the weak interactions are diagonal in flavour space.
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this might just be an accident, it is an interesting coincidence that one may express angles by
mass ratios not for an arbitrary number of generations. One could try to read it as another
hint for an underlying more fundamental theory of flavour.
3 Naturalness and hierarchical fermion masses
A small number is natural only if an exact symmetry emerges when it is set to zero. This is
’t Hooft’s criteria for naturalness [28]. Although nowadays this criteria and its usefulness as a
guiding principle is being questioned [43,44], here we will still consider it as valid and find out
an application to the problem of mixing.
It is not new that the hierarchy in the quark sector, both in the masses and mixing, might
be a hint of a possible connection among them. In this regard, the smallness in fermion masses
could be understood as a consequence of symmetries being approximately conserved [25,45–47].
However, this insight gets weakened when considering the lepton sector with its anarchical
mixing. In the following, we show how the hierarchical nature among all fermion masses,
m21 ≪ m22 ≪ m23 , (22)
described by just two ratios
m2
2
m2
3
and
m2
1
m2
2
, if related to approximately conserved flavour symme-
tries, strictly implies relations between fermion masses and mixing to the fullest extent.
In the weak interaction basis, the SM lagrangian acquires an exact global symmetry when
all Yukawa couplings are set to zero,
GF = UQL (3)× UuR(3)× UdR(3)× UEL (3)× UeR(3) . (23)
In this respect, the smallness of the set of all Yukawa couplings is natural. In the mass basis,
this means that all fermion masses are much smaller than the flavour scale, mf ≪ ΛF , wherein
the theory of flavour is expected to be realized, ΛF & O(1 TeV).
On the other hand, we may also ask how natural is the hierarchy in the fermion masses,
Eq. (22), such that when either m1, m2 → 0 or m1 → 0 there emerges an exact symmetry. In
the SM, the fermion mass hierarchy is not natural. Let us see this. The Yukawa matrices, in
the weak basis, break the flavour group to,
GF −−→
Yf
UB(1)× Ue(1)× Uµ(1)× Uτ (1) , (24)
where B denotes baryon number. From Eq. (6), we have,
M˜ =
M
m3
= L†

m1
m3
0 0
0 m2
m3
0
0 0 1
R , (25)
where, for convenience, we have instead used the mass matrix normalized by its largest singular
value and omitted the fermion type index. In any of the two limits there is no symmetry
emerging. Take for example, the simplest case with m1, m2 → 0, we get the rank one matrix,
M˜ ≃
L
∗
31R31 L
∗
31R32 L
∗
31R33
L∗32R31 L
∗
32R32 L
∗
32R33
L∗33R31 L
∗
33R32 L
∗
33R33
 . (26)
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The unitary matrices diagonalizing both rank one matrices (either in the quark or lepton sector)
will be in general independent from each other and therefore their product cannot be expected
to be the unit matrix, for more details see Appendix C. Then, we must expect fermionic mixing
even in the lowest rank scenario. And a similar situation for m1 → 0. Of course this is a
basis dependent observation as one may have a certain basis wherein both rank one matrices
could be diagonalized by the same unitary transformation and thus no mixing may appear
(e.g. the democratic scenario). Regarding this observation, without any loss of generality, we
now choose to work in the mass basis and also introduce the massive nature of neutrinos by
assuming, for simplicity, Dirac neutrinos (the Majorana case would at most have an orthogonal
global symmetry group instead of a unitary one in GF ).
In the mass basis, there are no right-handed flavour changing processes. Therefore, making
the first two generations massless implies, {m1, m2} → 0,
UaR(2)× U bR(2) , (27)
where a = u, ν and b = d, e. This is in contradiction to the conclusion obtained in the weak
basis, as no symmetry was found there. To avoid the contradictions we need to obtain a set of
basis-invariant conditions in which hierarchical fermion masses become always natural.
Let us continue in the mass basis. In a way, we could say the lightness of the first two
generations compared to the third one is natural or at least partially natural, as there is no
symmetry corresponding to the left-handed fields. In fact, the emergent symmetry would be
maximal if they also had it. Similarly, if we make the first generations massless,
UaR(1)× U bR(1) , (28)
no symmetry appears for the left-handed fields. There is clearly an issue in this picture where
only the right-handed parts get new symmetry factors [45]. The underlying theory must have
approximate flavour symmetries acting on both the left- and right-handed fields. Otherwise,
we would have no reason to assign tL and bL into the same SU(2)L doublet [45].
Now, there is a possibility to solve this issue if we require the following. If, in the mass
basis, for a given fermion sector, F = Q,E,
L ⊃ FL,aWγµFL,bWµ −
∑
a
maFL,afR,a −
∑
b
mbFL,bfR,b + H.c , (29)
we demand the mixing matrix, from here onwards generically denoted by W, to satisfy the
functional dependence,
W =W
(
ma1
ma2
,
ma2
ma3
,
mb1
mb2
,
mb2
mb3
)
, (30)
and fulfill the two limits,
• {m1, m2} → 0:
W (0, 0, 0, 0) = I , (31)
implying the global flavour symmetry group or any subgroup contained within it,
UFL (2)× UaR(2)× U bR(2) , (32)
and where the limit should be taken having in mind that m1 ≪ m2.
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• {m1} → 0:
W
(
0,
ma2
ma3
, 0,
mb2
mb3
)
=W23
(
ma2
ma3
,
mb2
mb3
)
, (33)
implying the global flavour symmetry group or any subgroup contained within it,
UFL (1)× UaR(1)× U bR(1) , (34)
and hereW23 represents a unitary transformation acting only in the 2-3 family subspace.
where in Eq. (29) fR or FL denote either a weak singlet or a weak doublet, respectively,
the two doublet components have appeared explicitly, FL = (FL,a, FL,b)
T , and represent in
family space, together with the right-handed parts, three dimensional vectors, for example,
FL,a = (FL,a1, FL,a2, FL,a3)
T , W = V,U, F = Q,E, a = u, ν, and b = d, e, respectively. Then,
under these conditions, symmetries do emerge for both handedness in the two independent
cases and fermion masses could be regarded as fully natural. As a corollary, given the previous
limits, we infer the proposed parametrization should intrinsically satisfy also the decoupling
limit, m3 →∞,
W
(
ma1
ma2
, 0,
mb1
mb2
, 0
)
=W12
(
ma1
ma2
,
mb1
mb2
)
. (35)
Hence, if the first two generations are naturally small compared to the third generation and
the first generation naturally small compared to the second generation this would then mean
having a mass ratios mixing parametrization satisfying the necessary limits in such a way that
a global flavour symmetry could be separately recovered in each case.
It could naively seem that these conditions are arbitrary as they were not derived from spe-
cial texture zeros in the mass matrices or by assigning fermion fields to particular irreducible
representations of the corresponding global flavour symmetry groups. Nevertheless, these con-
ditions point to a concrete class of models where naturalness should be realized as shown in
Table 1, in agreement to the conditions expressed by Eqs. (30), (31), and (33). These conditions
point to the sequential breaking of the maximum flavour symmetry,
[U(3)]6 −−−→
{m3}
[U(2)]6 −−−→
{m2}
[U(1)]6 −−−→
{m1}
U(1)B × U(1)L , (36)
where intermediate trivial U(1) factors are left for readability. For example, models with
minimally broken flavour symmetry [48–52] where the approximate U(2) flavour symmetry is
mainly employed. Its application can also be found in the case of supersymmetric [53–55] and
grand unified [56] theories. The meaning of U(2) flavour symmetries which may be used in a
weaker symmetry assignment [56, 57], is the arrangement of the first two generations into one
doublet whereas the third one transforming as a singlet.
For last, the approach is, by construction, only consistent with the normal ordering case
which happens to be in agreement to the most recent global analysis which favours normal
ordering over the inverted one at more than 3σ [58], therefore, the inverted ordering for neutrino
masses will not be considered in the remaining part of the work.
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Fermion mass limits Emergent symmetry
{m1, m2, m3} → 0 S(3)F ⊆ [U(3)]6
{m1, m2} → 0 S(2)F ⊆ [U(2)]6
{m1} → 0 S(1)F ⊆ [U(1)]6
Table 1: The left column shows the three different cases when the set of all masses, {mj}, from the j-generation
within a given fermion sector are set to zero. Whereas the right column shows the global flavour symmetry the
full lagrangian will acquire after taking the corresponding limit. Of course, we are considering also the possiblity
of having discrete or continous subgroups as denoted by S(k)F .
4 Implications of mass ratios as mixing parameters
The new given dependence on the mass ratios has an immediate consequence: both fermions
within a sector must contribute to fermion mixing. That is, the departing weak interaction
basis should have all matrices as non-diagonal; and hence, the unitary transformations acting
in the left-handed fields and diagonalizing the mass matrices,
LuMuM
†
uL
†
u = Σ
2
u , LdMdM
†
dL
†
d = Σ
2
d ,
LeMeM
†
eL
†
e = Σ
2
e , LνMνM
†
νL
†
ν = Σ
2
ν ,
(37)
shall give the desired dependence on the four mass ratios,
V
(
mu
mc
,
mc
mt
,
md
ms
,
ms
mb
)
= Lu
(
mu
mc
,
mc
mt
)
L
†
d
(
md
ms
,
ms
mb
)
, (38)
U
(
me
mµ
,
mµ
mτ
,
mν1
mν2
,
mν2
mν3
)
= Le
(
me
mµ
,
mµ
mτ
)
L†ν
(
mν1
mν2
,
mν2
mν3
)
. (39)
Eqs. (38) and (39) point to a special weak basis the flavour model should possess wherein both
mass matrices can contribute to mixing.
Realize how the conditions of Eqs. (30), (31), (33), and (35) in any weak basis should imply
the following properties for the mass matrices4,
{m1, m2} → 0
0 0 00 0 0
0 0 
 , (40)
{m1} → 0
0 0 00  
0  
 , (41)
{m3} → ∞
  0  0
0 0 
 . (42)
4In the case of a weak basis with one mass matrix already diagonal, is the non-diagonal one which acquires
the mentioned forms.
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Therefore, the hierarchical nature of fermion masses mean the following building process for
the fermion mass and mixing matrices5,0 0 00 0 0
0 0 0
 m3−→
0 0 00 0 0
0 0 
 m2−→
0 0 00  
0  
 −−→
L23
0 0 00  0
0 0 
 m1−→
    
  
 −−→
L′
23
    0
 0 
 −−→
L13
  0  0
0 0 
 −−→
L12
 0 00  0
0 0 

(43)
and from it, we can infer, as explicitly shown there, how the unitary transformation acting in
the left-handed fields should be given by three successive rotations,
Lf = L
f
12L
f
13L
f
23 , (44)
where Lfij represents a transformation acting only in the subspace i − j of family space and
in Eq. (43) we have considered that turning on the mass of the first family could in general
contribute to all the matrix elements.
Hence, quark and lepton mixing should be given as,
V = Lu12L
u
13L
u
23L
d
23
†Ld13
†Ld12
† , (45)
and
U = Le12L
e
13L
e
23L
ν
23
†Lν13
†Lν12
† . (46)
4.1 The Cabibbo–Kobayashi–Maskawa matrix
The general features characterizing quark mixing, as shown in Appendix A, can be summarized
by two main aspects: small mixing,
θCKMij ≪ 1 , (47)
and hierarchical mixing,
θCKM12 ≫ θCKM23 ≫ θCKM13 . (48)
Understanding quark mixing would necessarily mean explaining these general features.
In the following, we will apply the mass ratios parametrization (MRP) and exploit the
phenomenological observation that all quark masses fulfill the hierarchy6,
m23 ≫ m22 ≫ m21 . (49)
5For an example where such kind of matrix structures can be produced see Ref. [59].
6A somewhat similar approach can be found in Ref. [60] wherein contributions to the mixing angles coming
from the different fermion species were considered small and thereof quark and lepton mixing sum rules were
obtained. However, here we justify the smallness through the smallness of the mass ratios.
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We denote by Θfij the angle appearing in the transformation L
f
ij .
7 As naturalness indicates,
the mixing parametrization in Eq. (30) should satisfy three limits, see Eqs. (31), (33), and (35).
The first aspect of quark mixing can be understood by simply applying Eq. (31). Thus, we
expect quark mixing to have the general form,
VCKM ≈
1 0 00 1 0
0 0 1
+O(θCKMij ) . (51)
Now, to understand the second aspect of quark mixing that is, hierarchical mixing, we do
the following. As ratios coming from the up-quark sector are all negligible compared to the
ones in the down sector we do not expect them to significantly contribute to quark mixing and
therefore are neglected. On the other hand, as md/ms is much larger than ms/mb the first
dominant contribution in quark mixing should come from the limit mb →∞ given in Eq. (35),
VCKM ≈
 1 −Θ
d
12 0
Θd12 1 0
0 0 1
 . (52)
To include further corrections, we may assume, as suggested from the mass ratios, that
Θd23 ∼ (Θd12)2 and obtain to third order8,
VCKM ≈

1 0 0
0 1− (Θd23)2
2
−Θd23
0 Θd23 1− (Θ
d
23
)2
2

 1−
(Θd
12
)2
2
−Θd12 + (Θ
d
12
)3
3!
0
Θd12 − (Θ
d
12
)3
3!
1− (Θd12)2
2
0
0 0 1
 ,
≃
 1−
(Θd
12
)2
2
−Θd12 + (Θ
d
12
)3
3!
0
Θd12 − (Θ
d
12
)3
3!
1− (Θd12)2
2
−Θd23
Θd23Θ
d
12 Θ
d
23 1
 ,
(53)
where we have Taylor expanded. We may now identify the following mixing sum rules to first
order9,
Θd12 ≃ θCKM12 and Θd23 ≃ θCKM23 , (54)
7 Realize that, without appealing to any specific model, we could guess the functional form of this individual
mixing angle acting in only one fermion type. Θfij needs to behave as Θ
f
ij → 0 whenever either mfi → 0 or
mfj →∞. Therefore, the following simple kind of relation,
Θfij ∼
(
mfi
mfj
)n
g(
mfk
mfl
) , (50)
where n ∈ ℜ, g(m
f
k
m
f
l
) is an unknown function that represents the possible contributions from the other two mass
ratios, and k and l denote family number, may give the necessary structure for a full analysis. As this analysis
is beyond the scope of this work, it is left for future work.
8Realize that if one takes Θd23 ≈ (Θd12)2 = λ2 one can approximately reproduce the well established Wolfen-
stein parametrization to order O(λ3). Note that, inside this approach, the |Vub| element has a hierarchy of
O(λ4) instead of the conventional O(λ3). This represents no problem as in fact if all the Wolfenstein mixing
parameters except for λ were rescaled one should expect Vud ∼ λ ≈ 0.22, Vcb ∼ λ2 ≈ 0.05, Vtb ∼ λ3 ≈ 0.01, and
Vub ∼ λ4 ≈ 0.002 [61, 62].
9The study of θCKM13 is beyond the scope of this work, as here we are mainly interested in understanding the
main aspects of quark and lepton mixing.
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in agreement to the more general form given in [60]. This is telling us that the dominant
contributions producing the observed values in quark mixing come from the down-quark sector
and given the hierarchy among its mass ratios,
m2d
m2s
≫ m
2
s
m2b
≫ m
2
d
m2b
, (55)
we should, in general, expect hierarchical mixing obeying the same order, θCKM12 ≫ θCKM23 ≫
θCKM13 .
Hence, we see the great advantages of employing the MRP as we now roughly understand
with very little effort how the hierarchy in the Cabibbo–Kobayashi–Maskawa (CKM) matrix
is indeed a direct consequence of the strong hierarchy in the quark masses. In this sense, the
smallness of mu/mt and md/mb compared to the other ratios, and the fact that |Vub| is also
observed to be the smallest element in the mixing matrix supports this conclusion.
4.2 The Pontecorvo–Maki–Nakagawa–Sakata matrix
The general features describing lepton mixing, as shown in Appendix A, can be summarized
by the following situation: anarchical mixing,
|UPMNS,ij| ∼ O(1) , (56)
with a very particular hierarchy among the mixing angles,
π
4
≈ θPMNS23 > θPMNS12 > θPMNS13 ∼ θCKM12 , (57)
where we have made explicit how the atmospheric mixing angle is almost maximal whereas the
reactor one is of the order of the largest element in the CKM mixing matrix.
Let us apply the MRP to the lepton sector. For the sake of illustration, in the following we
do not consider the Majorana phases. We will only assume the charged lepton masses as known
parameters and look for any possible hint into the spectra of neutrino masses. Again, as in the
quark sector, the charged lepton masses satisfy the same hierarchical pattern, m2e ≪ m2µ ≪ m2τ ,
see Appendix B. From the three ratios, the largest one is mµ/mτ ∼ 10−2. So we safely neglect
the other two ratios by taking the limit me → 0. The Pontecorvo–Maki–Nakagawa–Sakata
(PMNS) matrix is then estimated as,
UPMNS ≃
1 0 00 1 Θℓ23
0 −Θℓ23 1

 c
ν
12c
ν
13 −sν12cν13 −sν13eiδνCP
sν12c
ν
23 − cν12sν23sν13e−iδνCP cν12cν23 + sν12sν23sν13e−iδνCP −sν23cν13
sν12s
ν
23 + c
ν
12c
ν
23s
ν
13e
−iδν
CP cν12s
ν
23 − sν12cν23sν13e−iδνCP cν23cν13
 .
(58)
The latter matrix product will only slightly modify the second and third rows of the unitary
neutrino matrix. From which we can find and predict new mixing sum rules,
tanΘν12 ≃ tan θPMNS12 , sinΘν13 ≃ sin θPMNS13 ,
−Θℓ23 + tanΘν23
1 + Θℓ23 tanΘ
ν
23
≃ tan θPMNS23 . (59)
For more examples on mixing sum rules we refer the interested reader to Refs. [60, 63–68].
In order to reproduce the observed values in lepton mixing, from Eqs. (57) and (58), we
conclude that neutrino masses should satisfy the following constraints:
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• The lightest neutrino mass cannot be zero, mν1 6= 0, as otherwise we should simulta-
neously have very small solar and reactor mixing angles which is not the case. In fact,
through the following general relations,
mν1 =
√
∆m221
√
x
1− x , mν2 =
√
∆m221
√
1
1− x , mν3 =
√
∆m231 +∆m
2
21
x
1− x , (60)
where x = m2ν1/m
2
ν2, we can obtain a lower bound on the lightest neutrino mass,
mν1 > (8.6± 0.1) meV , (61)
where we have chosen x = 0.50 as it is the largest value fulfilling both mν1 < mν2 and
m2ν1 ≪ m2ν2.10 One may still soften the bound if one chooses the smallest possible value
for the ratio, x = 0.25, obtaining,
mν1 > (5.0± 0.1) meV . (62)
• Hierarchies among neutrinos cannot be as strong as with the charged fermions. Therefore,
we may only speak of a hierarchy in the sense of m2ν3 ≫ m2ν2 ≫ m2ν1. In contrast to the
charged fermion masses, which also satisfy m3 ≫ m2 ≫ m1.
Hence, from the observed values of the leptonic mixing matrix, |Uαk| & |Vus| (α = e, µ, τ ,
k = 1, 2, 3), it is evident that neutrino masses should follow a rather different pattern from the
charged fermion ones. Here again, if Θ13 is related to
m1
m3
, as it is the smallest ratio, it should
be the smallest mixing matrix element. Thus, in general, we shall theoretically always expect,
through the MRP, the 1−3 element of the quark and lepton mixing matrices to be the smallest
one.
µ − τ reflection symmetry. Let us introduce a µ − τ reflection symmetry in the neutrino
sector [69], tan θν23 = 1. Through the known values, |Uµ3| = 0.656 and |Uτ3| = 0.739, we can
estimate the contribution coming from the charged lepton matrix,
Θℓ23 ≃ 0.059 , (63)
where we used the corresponding sum rule in Eq. (59).
Curiously enough, the same value may be reached through the ratio mµ
mτ
= 0.059. This
meaning that the reflection symmetry can be easily cured by adding a rotation equal to the
previous ratio, Θℓ23 =
mµ
mτ
. This could be seen as a first hint on how individual mixing angles
could be related to mass ratios.
10Here we are using the following criteria. For z > 0.5 or z < 0.5 we approximate them as z ∼ O(1) or
z ∼ O(10−1), respectively. In this way, if we want to have m1 < m2 but at the same time m21 ≪ m22, we can
choose the ratio, x ≡ m21
m2
2
, to lie in the range 0.25 6 x 6 0.50 (or equivalently, 0.50 6
√
x 6 0.71).
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4.3 Effective Majorana mass
We now apply the MRP to searches for the massive nature of neutrinos. A clear signal of
neutrinos as their own antiparticles may be reached through the study of processes where total
lepton number is violated. In this sense, neutrinoless double beta decay (0νββ), where total
lepton number is violated by two units, offers a rare decay to not only unveil the true massive
nature of neutrinos but also to test predictions of left-right symmetric models and other models
including right-handed currents and heavy neutral leptons [70, 71]. This rare process consists
in an atom decaying into another one with the emission of two electrons,
(A,Z)→ (A,Z + 2) + 2e− , (64)
where (A,Z) are the mass and charge number, for the present status in these experiments see
Ref. [72].
The study of this decay is made by the effective mass parameter 〈mee〉 which, in the PDG
parametrization, is expressed as,
〈mee〉 = |
∑
j
U2ejmνj|
= |mν1e2iα cos2 θPMNS12 cos2 θPMNS13 +mν2e2iβ sin2 θPMNS12 cos2 θPMNS13 +mν3e2iδ sin2 θPMNS13 | ,
(65)
where α and β are the Majorana phases and δ is the Dirac phase.
Recently, the Cryogenic Underground Observatory for Rare Events (CUORE) which makes
use of TeO2 crystals [73] did not find any evidence for this decay in a limit on the effective
Majorana neutrino mass 〈mee〉 < (0.11 − 0.52) eV [74]. On the other hand, the GERmanium
Detector Array (GERDA) which uses high purity germanium detectors enriched with 76Ge [75]
have also excluded the range 〈mee〉 < (0.12− 0.26) eV [76]. The Enriched Xenon Observatory
(EXO) experiment uses as a source and detector a pressurized time projection chamber filled
with liquid Xenon [77]. In a first stage EXO-200 has established the limit 〈mee〉 < (0.15−0.40)
eV where still no evidence of the rare decay has been seen [78]. The KAMioka Liquid Acintillator
Anti-Neutrino Detector (KamLAND) is a multi-purpose detector that recently started the
KamLAND-Zen experiment which in its second phase has reached the best measured limit so
far, 〈mee〉 < (0.06− 0.16) eV [79].
Application of the MRP along with its three limits gives the possiblity to study different
benchmark scenarios for the effective mass parameter,
• {m1} = {me, mν1} → 0,
〈mMRPee 〉 = 0 , (66)
compared to using any parametrization unconnected to the masses where one would get,
〈mee〉 = |U2e2mν2 + U2e3mν3| . (67)
From our mixing sum rules in Eq. (59) we know that it is safe to neglect the electron mass.
Therefore, not having evidence for the ocurrence for this decay would not necessarily
mean, within the MRP, that neutrinos are not Majorana. This would only mean the
lightest neutrino mass to be zero (or very small). An interesting observation that one
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may not reach from other parametrizations. Of course, from lepton mixing we have
already concluded that mν1 6= 0, so this scenario is forbidden by the observed values in
mixing.
• {m1, m2} = {me, mν1, mµ, mν2} → 0,
〈mMRPee 〉 = 0 , (68)
in comparison to any other parametrization unconnected to the masses where one would
get,
〈mee〉 = |Ue3|2mν3 . (69)
This case is forbidden by the two mass squared differences, as they require at least two
massive active neutrinos.
• {m3} = {mτ , mν3} → ∞,
〈mMRPee 〉 = |U2e1mν1 + U2e2mν2| , (70)
compared to using any other parametrization unconnected to the masses where one would
get,
〈mee〉 ≈ |Ue3|2mν3 . (71)
We see that in any other parametrization we would conclude that the observed order
of magnitude for the effective mass parameter would be approximately established by
the heaviest mass whereas in the MRP would not play a role as it would have correctly
decoupled.
For last, we can compute the maximum value for the effective mass parameter as implied
from the lower bounds for the lightest neutrino mass and obtain,
〈m(x=0.25)ee 〉 ≤ 8.1 meV and 〈m(x=0.50)ee 〉 ≤ 11.4 meV , (72)
values which still remain far from the experimental resolution.
5 Conclusions
The flavour puzzle stands as the most intriguing set of still not understood aspects of the
SM. All of them originating from the fact that Nature has three fermion families. Here we
have proposed and investigated the idea of connecting the mixing angles to the fermion mass
ratios. That is, of building the concept of a mixing parametrization whose four parameters
are chosen to be the four independent mass ratios in each fermion sector. By virtue of it, the
observed values in the Cabibbo–Kobayashi–Maskawa (CKM) together with the ones appearing
in the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrices, can be essentially understood.
The strong hierarchical nature in the masses of the quark sector, translated into four very
small ratios, gives as a consequence very small mixing angles. Thus, the closeness of the CKM
matrix to the identity. On the other hand, even though the absolute scale of neutrino masses
is still unclear, through the same analysis we inferred that neutrino masses should have either
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a very mild hierarchy in the two ratios or at least in one of them, in order to produce such an
anarchical structure in the PMNS matrix elements. In fact, in order for this analysis to work
in the lepton sector, neutrino masses should have normal ordering and the lightest neutrino
mass should satisfy the lower bound mν1 > (5.0 ± 0.1) meV (for a more constrained scenario
mν1 > (8.6± 0.1) meV), making the approach testable.
Our approach has consisted in exploring the consequences of solely demanding that the
mixing matrices inherit the properties of the mass matrices under the limits of one, two, and/or
three massless fermion families, and the third family with an infinite mass. To this end, the
naturalness criteria of ’t Hooft [28] was taken into consideration as the main argument to
support this connection. The properties to be fulfilled by the mixing matrices then are: i)
V = V
(
mu
mc
, mc
mt
, md
ms
, ms
mb
)
, ii) V (0, 0, 0, 0) = 1, iii) V
(
0, mc
mt
, 0, ms
mb
)
= L23, iv) if mt,b → ∞ then
V
(
mu
mc
, 0, md
ms
, 0
)
= L12, and a similar situation for the leptonic mixing matrix. For the cases
ii) and iii) the minimal SM lagrangian acquires the corresponding global symmetry U(2)6 and
U(1)6 (or any continous or discrete subgroup), in consistency to the naturalness criteria of ’t
Hooft. The good agreement of the approach to the main aspects in quark and lepton mixing
can be taken as a strong evidence for the existence in Nature of a flavour symmetry.
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A Present status in fermion mixing
The most recent global fit from the PDG for the updated values of the Cabibbo–Kobayashi–
Maskawa (CKM) mixing matrix shows [80],
|VCKM| =
 0.97434
+0.00011
−0.00012 0.22506± 0.00050 0.00357± 0.00015
0.22492± 0.00050 0.97351± 0.00013 0.0411± 0.0013
0.00875+0.00032−0.00033 0.0403± 0.0013 0.99915± 0.00005
 , (73)
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with the Jarlskog invariant equal to JCKM = (3.04
+0.21
−0.20) × 10−5. This set of numbers can be
summarized by virtue of the standard parametrization,
sin θCKM12 = 0.22506± 0.00050 , sin θCKM13 = 0.00357± 0.00015 , (74)
sin θCKM23 = 0.0411± 0.0013 , and δCKMCP = (71.6+1.3−1.0)◦. (75)
Whereas the fit for the improved Wolfenstein parameters gives [80],
λ = 0.22506± 0.00050 , A = 0.811± 0.026 , (76)
ρ¯ = 0.124+0.019−0.018 , η¯ = 0.356± 0.011 . (77)
On the other hand, the current global fit values for the Pontecorvo–Maki–Nakagawa–Sakata
(PMNS) mixing matrix at 3σ are [81]:
|UPMNS| =
0.799→ 0.844 0.516→ 0.582 0.141→ 0.1560.242→ 0.494 0.467→ 0.678 0.639→ 0.774
0.284→ 0.521 0.490→ 0.695 0.615→ 0.754
 , (78)
with the Jarlskog invariant at 1σ as JmaxPMNS = −(0.0329 ± 0.0007). When expressed in the
standard parametrization [81],
sin2 θPMNS12 = 0.307
+0.013
−0.012 , sin
2 θPMNS13 = 0.02206± 0.00075 , (79)
sin2 θPMNS23 = 0.538
+0.033
−0.069 , and δ
PMNS
CP = (234
+43
−31)
◦ . (80)
B Present status in fermion masses
QUARK MASSES
Experimental masses
Input (GeV)
Masses at Mz scale
Output (GeV)
mu(2 GeV) = 0.0022
+0.0006
−0.0004 mu(Mz) = 0.0013+0.0003−0.0002
md(2 GeV) = 0.0047
+0.0005
−0.0004 md(Mz) = 0.0027
+0.0003
−0.0002
ms(2 GeV) = 0.096
+0.008
−0.004 ms(Mz) = 0.055
+0.004
−0.002
mc(mc) = 1.27± 0.03 mc(Mz) = 0.626± 0.02
mb(mb) = 4.18
+0.04
−0.03 mb(Mz) = 2.86
+0.02
−0.02
mt(OS) = 173.21± 0.87 mt(Mz) = 172.29± 0.06
Table 2: Here we present in the left column the most recent measured masses as taken from [80]. By virtue
of the RunDec package they are run to the Z boson mass scale [82]. RunDec takes into account the five-loop
corrections of the QCD beta function and four-loop effects when decoupling the heavy quarks below their energy
scale.
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LEPTON MASSES
Charged lepton
(MeV)
Neutrino mass differences
(eV2)
me(Mz) = 0.4861410527 ∆m
2
21
10−5
= 7.40+0.21−0.20
mµ(Mz) = 102.627051 IO:
∆m2
32
10−3
= −2.465+0.032−0.031
mτ (Mz) = 1744.614156 NO:
∆m2
31
10−3
= +2.494+0.033−0.031
Table 3: This table presents the charged lepton masses as taken from Ref. [83] and the updated neutrino mass
differences [81]. We have denoted by NO and IO the Normal and Inverted Ordering scenarios, respectively. We
have omitted the experimental error from the charged leptons due to their size which makes no difference in
the error propagation.
C Mixing in the rank one case
Without any loss of generality, let us consider the real case for simplicity. The two rank one
mass matrices of a given fermionic sector are denoted as,
M˜f ≃
L
f
31R
f
31 L
f
31R
f
32 L
f
31R
f
33
Lf32R
f
31 L
f
32R
f
32 L
f
32R
f
33
Lf33R
f
31 L
f
33R
f
32 L
f
33R
f
33
 , (81)
where f = u, d (ν, e) and we have normalized by the largest singular value, M˜f =Mf/mf,3.
We are interested in the left Hermitian product, M˜fM˜f †,
M˜fM˜f † =
L
f
31L
f
31 L
f
31L
f
32 L
f
31L
f
33
Lf32L
f
31 L
f
32L
f
32 L
f
32L
f
33
Lf33L
f
31 L
f
33L
f
32 L
f
33L
f
33
 . (82)
Its diagonalization occurs via the orthogonal transformation,
Rf =

−Lf
33√
L
f
31
2+Lf
33
2
−Lf
31
L
f
32√
L
f
31
2+Lf
33
2
Lf31
0
√
Lf31
2 + Lf33
2 Lf32
−Lf
31√
L
f
31
2+Lf
32
2
−Lf
32
L
f
33√
L
f
31
2+Lf
33
2
Lf33
 , (83)
where we are assuming the singular vector is already normalized.
In the mass basis, fermionic mixing is computed from,
W =RaRb† . (84)
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Now, in general, this will give us a 3 × 3 mixing matrix with non-zero off-diagonal elements.
This conclusion remains even if we explicitly consider the possibility of rotating the 1−2 sector
with a possible U(2)F=Q,EL symmetry. Hence, taking the massless limit for the two first families
will still imply fermionic mixing and emergent global symmetry factors will not be possible.
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